We consider the type IIA string compactified on the Calabi-Yau space given by a degree 12 hypersurface in the weighted projective space P 4
Introduction
Heterotic/Type II string duality has focused attention on the special Kähler geometry of vectormultiplets as a means of defining some nonperturbative effects in the heterotic string [1] [2] .
In this note we describe one means for obtaining the prepotential for IIA vectormultiplet geometry using properties of modular forms. In particular we focus on the model described in [2] based on IIA compactification on a manifold X(1, 1, 2, 2, 6) with (h 1,1 , h 2,1 ) = (2, 128) . In this example the Kähler cone has two coordinates S, T and the special Kähler coordinate S can be identified with the heterotic dilaton [2] [3] . Therefore, on the heterotic side, nonrenormalization theorems show that the (inhomogeneous) vectormultiplet prepotential has the general form:
while on the type IIA side we have:
where Li 3 is the trilogarithm, n j,k counts rational curves in X(1, 1, 2, 2, 6) and r(T ) is a cubic polynomial.
The prepotential (1.2) in this model has been computed in [4] [5] using mirror symmetry. In this paper we suggest another method -based on monodromy and singularity structure -by which one can determine the prepotential. The procedure may be viewed as a generalization of the method used in [6] [7] [8] to determine the one-loop prepotential f 0 (T ) for this model.
In brief, we use the nonperturbative monodromy of the special Kähler periods determined in [9] to find a set of transformation laws for the prepotential. The monodromy group of [9] is a discrete subgroup of Sp(6; Z Z). It acts on the Kähler cone, and, in the limit q 2 = e 2πiS → 0 the action reduces to the standard Möbius action of P SL(2, Z Z) on
T . Therefore, one may expect the functions f k (T ) to be related to modular forms for P SL(2, Z Z). We find that this is indeed so. More precisely, we can make an upper triangular transformation of differential polynomials from f k (T ) to a new set of functions h k (T ) which are modular forms. This transformation is summarized in equations (3.1) − (3.4)
below. The relation of the prepotential to modular forms has also been investigated in [10] .
Assuming the singularity structure at T = i implied by the connection [2] [9] to the Seiberg-Witten massless monopole singularity we find that h k (T ) can be written in terms of polynomials of Eisenstein series. Finally, using the T ↔ S symmetry implied by n j,k = n j,j−k [5] we find that the polynomial in Eisenstein series is uniquely determined. The T ↔ S symmetry has been the subject of much recent discussion [11] [12] .
We must emphasize that the crucial "upper triangular" transformation was discovered "experimentally" using a computer and we have not proved it analytically, although it has been checked extensively.
We hope that this work might offer an alternative method to the standard mirror 
The monodromy action
We will consider the type IIA string compactified on the Calabi-Yau threefold given by a degree 12 hypersurface in the weighted projective space P 4 (1,1,2,2,6) discussed in [2] [4] [5] . The degrees of freedom of the low-energy supergravity theory are described by three vector superfields X 0 , X 1 and X 2 , corresponding to the graviphoton and two abelian Yang-Mills multiplets respectively. Their dynamics are governed by a holomorphic prepotential F (X 0 , X 1 , X 2 ). To get the correct number of propagating fields, F must be homogeneous of degree two in the X i [17] . It is convenient to introduce the inhomogeneous special coordinates S and T , which are defined in terms of the homogeneous coordinates X 0 , X 1 and X 2 as S = X 1 /X 0 and T = X 2 /X 0 . The prepotential can then be written as
where the first term arises at tree-level and the second term encodes all (perturbative and non-perturbative) quantum corrections.
We define the periods F i for i = 0, 1, 2 as
and assemble the homogeneous coordinates and the periods in a period vector Π given by
As we encircle a singular divisor in the moduli space, the period vector Π is acted on by multiplication by an element of the monodromy group.
This group is a subgroup of Sp(6, Z) generated by three elements S 1 , T 1 and T 2 [9] , which in our basis are given by
3)
The monodromies under T 1 , T 2 can be deduced, on the type II side, from the monodromy of the mirror manifold at ∞ in complex structure space. The monodromy under S 1 must then be deduced, on the type II side, by solving Picard-Fuchs equations. Alternatively, assuming string/string duality, it may be deduced, on the heterotic side, from the one-loop approximation to f (S, T ).
We will now determine the action of the monodromy group on the special coordinates S and T and the function f appearing in the prepotential (2.1). It follows from the above that the T 2 transformation acts as
This means that f may be expanded in powers of q 2 = exp 2πiS [18] , i.e.
for some functions f k . The T 1 transformation acts as
(2.6)
In terms of the functions f k in (2.5), this means that
and
The consequences of the S 1 transformation are less straightforward to extract. It acts as
(2.10)
where the omitted terms are proportional to powers of ∂f ∂S . Inserting (2.5) and (2.9) in (2.10) and taking the S → i∞ limit, we find that 
whereS andT are given in (2.9). By expanding this equation in powers of q 2 = exp 2πiS
and expanding the functions f k on the left hand side in a Taylor series around −1/T , we can recursively determine the transformation laws of these functions. For example, for f 1 and f 2 we get
. . .
(2.14)
where superscripts in parenthesis indicate derivatives with respect to T .
Transformation to modular forms
The transformation laws (2.7), (2.8), (2.11) and (2.14) indicate that the functions f k are closely related to modular forms. Indeed, it follows from (2.7) and (2.11) that f Next, we define a set of functions g (m) for m = 0, 1, . . . recursively by
where again superscripts in parenthesis denote derivatives with respect to T . Finally, we define the relationship between the functions h and f to be given by the equation
where the integration constant arising from the ∂ ∂S −1 operator is fixed by the requirement that the q independent term of the right-hand side of (3.
3) equal f 0 (T ). Our conjecture is now that the h k (T ) for k > 0 transform covariantly with weight −4 under the modular group:
(3.4)
We have no analytic proof of this statement, but it has been checked by computer up to k = 7.
The explicit formulae for the h k (T ) can be obtained as follows. We begin by expanding (3.2) to get: Then, inserting (3.1) in (3.3) and solving recursively for the f k in terms of the h k , we get
(To determine f k for a given k, it is in fact enough to let m = k in (3.3) rather than taking the limit m → ∞.) Assigning a formal weight −4+2n and a charge k to h (n) k , we see that the general structure is that f k equals exp kπi 3 h
(2) 0 times a differential polynomial in h of formal weight −4 and charge k involving only even derivatives. The 'upper triangular' structure of these equations makes them easy to invert:
. . . 
The singularity structure
Next, we need some facts about the singularities of the functions f k . These occur at T = i, where the gauge group is enlarged and additional multiplets become massless. As [20] . Furthermore, to recover the results of [21] in the limit when the string tension becomes large, f k (T ) for k > 0 must have a pole of order 4k − 2 at T = i [9] . Finally, it follows from (2.7) that f for some constants p k,1 , . . . , p k,2k−1 .
The exchange symmetry
To determine the forms P 24k−16 in (4.5), we consider the Yukawa coupling ∂ ∂T 3 f , which may be written in the form [22] ∂ 3
For fixed k > 0, the S ↔ T exchange symmetry [5] [11] [12] amounts to 2k − 1 constraints on the instantonnumbers n j,k in (5.1):
n j,k = 0 , 1 ≤ j ≤ k − 1 n j,j−k , k ≤ j ≤ 2k − 1 .
(5.
2)
The h k can now be determined recursively: Given h 1 , . . . , h k−1 , the constraints (5.2) determine the constants p k,1 , . . . , p k,2k−1 in (4.7) and thus, by (4.5), h k . Explicitly, the first few h k 's are given by
